At the heart of the issue of quantizing general relativity lies the puzzling question of defining a version of space-time diffeomorphisms compatible with the Planck length ℓP . Implementing continuous space-time symmetries while preserving a universal minimal length scale seem to be two conflicting fundamental aspects of quantum gravity. We explore this problematic in the context of the simplest cosmological model consisting of a massless scalar field minimally coupled to flat Friedman-Lemaître-Robertson-Walker homogeneous cosmology. This gravitational system exhibits a scale invariance, which can be extended to a symmetry under the one-dimensional conformal group SL(2, R). Working within the polymer quantization framework inspired by loop quantum cosmology (LQC), one modifies the cosmological model by introducing the minimal length scale prior to quantization. After noticing that the standard approach to LQC fails to preserve the scale invariance, we show how to preserve the SL(2, R) symmetry at the quantum level by a suitable non-linear redefinition of scale transformations. This provides a non-trivial example of a consistent scale-invariant quantum gravitational system with a universal minimal length scale.
At the heart of the issue of quantizing general relativity lies the puzzling question of defining a version of space-time diffeomorphisms compatible with the Planck length ℓP . Implementing continuous space-time symmetries while preserving a universal minimal length scale seem to be two conflicting fundamental aspects of quantum gravity. We explore this problematic in the context of the simplest cosmological model consisting of a massless scalar field minimally coupled to flat Friedman-Lemaître-Robertson-Walker homogeneous cosmology. This gravitational system exhibits a scale invariance, which can be extended to a symmetry under the one-dimensional conformal group SL(2, R). Working within the polymer quantization framework inspired by loop quantum cosmology (LQC), one modifies the cosmological model by introducing the minimal length scale prior to quantization. After noticing that the standard approach to LQC fails to preserve the scale invariance, we show how to preserve the SL(2, R) symmetry at the quantum level by a suitable non-linear redefinition of scale transformations. This provides a non-trivial example of a consistent scale-invariant quantum gravitational system with a universal minimal length scale.
An inherent feature of quantum gravity is the universality of the the Planck length, ℓ Pl = G/c 3 , setting a minimal length scale at which the space-time geometry must become intrinsically quantum. Consistently blending this universal length scale with the diffeomorphism invariance of general relativity leads to a fundamental non-locality, at the heart of the string theory and loop gravity approaches to quantum gravity. In the simpler context of special relativity, the challenge of consistently unifying the continuous Lorentz symmetry with the Planck length was first tackled by Snyder [1] , whose ideas were more recently developed into Generalized Uncertainty Principles [2] and Doubly Special Relativity [3] , which introduce a non-linear action of boosts to account for the Planck length using a quantum deformation of the Poincaré group. This led to a deeper revisit of the relativity principle, formalized as "relativity locality" [4] , still under investigation. Beyond the flat space-time, quantum cosmology represents a more general context, albeit highly symmetric. It will not allow us to contemplate the fate of diffeomorphisms in quantum gravity but nevertheless allows to discuss the compatibility of scale transformations with a minimal universal length scale at the quantum level.
We consider the cosmological system consisting in a massless scalar field minimally coupled to Friedman-Lemaître-Robertson-Walker (FLRW) homogeneous space-time with flat slices. This represents the simplest gravitational model with a non-trivial matter content and is therefore an ideal testbed for quantization technics. We will recall that this system is invariant under scale transformations and will explain that it is further invariant under the one dimensional conformal group SL(2, R). This symmetry is manifest at the level of the phase space through the Poisson algebra formed by the Hamiltonian scalar constraint H, the 3-volume v and (the trace of) the extrinsic curvature C, which we call unimaginatively the CVH algebra. This structure encodes the whole cosmological dynamics and the scale invariance of the underlying system. Quantizing this gravitational system, whatever the scheme, irremediably introduce a universal minimal length scale signaling the quantum gravity regime. Such a fundamental length scale obviously clashes with the scale invariance of the system. Finding a suitable quantization reconciling these two aspects appears to be a non-trivial exercise.
In this letter, we consider the polymer quantization of FLRW cosmology, which leads to Loop Quantum Cosmology (LQC) [5] . It introduces a universal length scale, which bounds the extrinsic curvature. This allows to avoid the initial singularity and turn the big bang into a big bounce. It was recently shown that this limiting curvature mechanism can be driven by a scalar field nontrivially coupled to gravity [7] . In the standard polymer regularization, the length scale breaks the scale invariance and thus the SL(2, R) symmetry of the cosmological system, leading to what is called a Immirzi-like ambiguity in the jargon of loop quantum gravity. Here we show how to extend the regularization and modify the scale transformations in order to keep the SL(2, R) symmetry at both classical and quantum levels. This revisited regularized cosmology is equivalent to LQC up to a redefinition of the lapse and can be derived as a non-linear deformation of usual FLRW cosmology. This non-linear map uses both holonomy and volume corrections and maps standard FLRW trajectories onto big bounce trajectories. Finally, we outline the quantization scheme based on the SL(2, R) symmetry and show that scale transformations are properly implemented by unitary operators.
Let us start with a homogeneous massless scalar field minimally coupled to an FLRW background with flat slices. The metric is given by ds
The canonical variables are the volume v and the extrinsic curvature (or Hubble rate) b, with Poisson bracket {b, v} = 1. They are related to the scale factor a and its conjugate momentum π a by v = a 3 /4πG and b = − (4πG/3) π a /a 2 . The matter content is encoded in the scalar field and its conjugated momentum {φ, π φ } = 1. The Hamiltonian constraint, generator the invariance under time reparametrization of the coupled geometry-matter system, is given by:
where N (t) is the lapse function. Consider now the integrated trace of the extrinsic curvature
where the integration has been performed over a fiducial (space-like) cell to avoid infinities, and γ µν is the induced metric on the canonical hypersurface Σ. One can safely set v 0 = 1 for the sake of simplicity. Its action on the gravitational canonical variables reads
and we shall refer to it as the dilatation generator in the following. It turns out that this generator coincides with the Hamiltonian evolution of the volume,
where we have used the proper time dτ = N dt. Additionally, the two other brackets involving (C, v, H) form a closed algebra
The first equality reflects that the matter and gravitational Hamiltonians transform homogeneously under scale transformations, a special property of this simple cosmological model,
On shell, scale transformations turn out to be a global symmetry of the system. This CVH algebra encodes how the volume and the Hamiltonian change with the scale and thus reflects the whole cosmological classical dynamics. Moreover, the deparametrized Hamiltonian (w.r.t the clock φ) coincides on-shell with the dilatation generator, π φ = ± √ 12πG C. Therefore, the deparametrized dynamics can be identified with the dilatation/contraction generated by the trace of extrinsic curvature.
Finally, the CVH algebra is isomorphic to the sl(2, R) Lie algebra. Indeed, rearranging the generators of the CVH algebra such that
one recovers the standard sl 2 commutations relations from the canonical bracket {b, v} = 1 ,
The sl 2 Casimir is then given by the matter content of the universe:
At the classical level, this sl(2, R) structure means that the cosmological trajectories can be integrated as SL(2, R) transformations generated by H [6] . At the quantum level, the Casimir formula means that the system is described by space-like representations of SL(2, R) (i.e. from the continuous series).
We can now study the fate of this SL(2, R) symmetry when introducing a regularization involving a fundamental length scale λ. This procedure, introducing an upper bound on the extrinsic curvature, crucially combined with the polymer quantization, leads to Loop Quantum Cosmology (LQC) and resolves the big bang cosmology into a big bounce [5] . Actually the standard regularization procedure used in LQC fails to preserve the scale invariance of FRW cosmology and breaks the SL(2, R) symmetry induced by the CVH algebra. Here we propose a minimal extension of the standard regularization allowing to preserve the CVH algebra structure, thus making scale transformations compatible with the introduction of the universal length scale λ.
LQC consists in the polymer quantization of the homogeneous and isotropic sector of GR written in term of the Ashtekar-Barbero triad-connection variables [5] . The heart of the regularization is to replace the curvature of the Ashtekar-Barbero connection by its holonomy around tiny, but not infinitesimal, loops. Either studying the regularization at the classical level or working the effective dynamics of coherent quantum states [8] , one obtains the regularized LQC Hamiltonian constraint:
where the area scale λ effectively introduces a cut-off in the extrinsic curvature, b ≤ λ −1 π, and is a priori at the Planck scale. The regularization a priori affects only the gravitational part. We will drop the superscript (λ) and subscript LQC in the following. When the regularization scale is set to 0, we recover the standard FLRW Hamiltonian:
In the standard LQC framework, the dilatation generator is considered unchanged, i.e. we keep on working with C = vb. Under its exponentiated action, the scalar Hamiltonian constraint is not homogeneous and scale transformations actually change the regularization scale λ. More precisely, the scalar constraint H (λ) does not transform as earlier in (6), but as
Hence, dilatations are not consistent with the regularization scheme: they act on the area scale λ and spoil the scale invariance of the classical cosmological model. So λ is not a universal area invariant under scale transformations. As a consequence, at the quantum level, the Hilbert space of quantum states at fixed λ can not carry a unitary representation of those scale transformations. This is the origin of the Immirzi ambiguity in Loop Quantum Gravity [10] .
Instead, it seems more natural to preserve the symmetry of the model and adapt the CVH algebra by extending the regularization scheme to the dilatation generator, the volume and other cosmological observables. Looking back to (4), the dilatation generator can be obtained as the Poisson bracket of the volume and the Hamiltonian constraint, as already noticed in [12] . A natural prescription is thus:
which gives back to the standard dilatation generator C = vb when λ → 0. As expected, the extrinsic curvature b becomes bounded. However this still breaks the CVH algebra,
and does not restore the scale invariance of FLRW cosmology. In particular, the matter and gravitational parts of the Hamiltonian do not scale in the same way. What's missing is a suitable regularization of both the volume v and the inverse volume factor entering the matter Hamiltonian. A systematic approach is to allow for a general regularization,
where f 1 , f 2 , f 3 , f 4 are unknown b-dependent regularization functions involving implicitly the area scale λ. By computing the CVH brackets and requiring their classical closure, we obtain a set of anomaly-free conditions:
Choosing f 1 to be the standard sine square holonomy correction, i.e. f 1 (b) = sin 2 (λb)/λ 2 as above in (10), and taking f 2 = f 4 , one obtains a solution for f 3 , from which one can solve for f 2 and thus f 4 . Checking the consistency with the last equation, one obtains that
This provides with the minimal polymer regularization consistent with the algebra:
while the new Hamiltonian constraint reads:
This gives the new effective Hamiltonian, which we introduced in [6] . By construction, these observables form a closed sl(2, R) algebra:
which we can write in terms of the usual sl(2, R) basis:
This CVH algebra encapsulates how the theory transforms under dilatations. Now the modified dilatation generator C simply rescales the regularized Hamiltonian constraint while keeping the area scale λ fixed:
Moreover the regularized volume V, which also enters the inverse volume factor of the matter Hamiltonian, has acquired a holonomy correction and simply rescales under modified dilatations. This exact scale invariance with a regularized dilatation generator (or complexifier in the LQG jargon) defined at fixed λ is a new feature of LQC. This improved version of LQC allows to consider λ as a true universal fundamental area scale, invariant under global scale transformations. Let us compare this extended regularization scheme to the standard polymer regularization of the effective LQC framework. First, in the limit λ → 0, all the observables, H, V and C, coincide with their classical expressions, H, v and C. Then we notice that the new Hamiltonian H is actually equivalent to the usual LQC Hamiltonian H up to a redefinition of the lapse:
This should correspond to a different definition of the lapse in terms of the 3+1 decomposition of the 4d metric. Finally we write the new scalar constraint (20) in terms of a new pair of canonical variables (B, V) mapping it onto the classical FLRW model:
where the new variable B is conjugate to the regularized volume, {B, V} = 1. This new pair of variables transform as the classical ones, e.g. (b, v), under dilatations, now generated by the regularized complexifier,
This shows that this new version of LQC is simply a non-linear redefinition of FLRW cosmology, preserving its scale invariance and SL(2, R) symmetry. This parallels the construction of doubly special relativity with a nonlinear action of the Lorentz group compatible with the fundamental Planck length, thereby deforming but not breaking the Lorentz symmetry of flat space-time [3] . We can compute the cosmological trajectories. To start with, V follows the classical Friedman equation. Then we get recover the volume v from V:
Using that π 2 φ = 12πGC 2 is a constant of motion, one gets that the volume v satisfies a modified Friedman equation describing its evolution with respect to the cosmic time t (i.e. for the choice of lapse N = 1):
where the matter density is given by:
The critical density 8πG 3 ρ c = (2λ) −2 corresponds to the maximal density and signals the big bounce occurring at
The regularized observables are also non-singular at the bounce and their critical values are λB c = 1 and V c = λC. The bounce is clearer in the deparametrized picture, evolving the trajectories with respect to φ. Although the regularized volume follows the usual trajectory, either expanding or contracting,
, the actual volume v obtained by (28) necessarily mixes both sectors and transitions, as φ increases, from a contracting phase to an expanding phase through a big bounce at its minimal value v c (see [6] for details).
Let us now discuss the quantization of the theory. There are two natural quantization schemes at our disposal. On the one hand, we can use the standard toolkit of Loop Quantum Cosmology (LQC) and, on the other hand, we can exploit the SL(2, R) structure generated by the CVH algebra and straightforwardly quantize the system as a SL(2, R) representation. Let us compare these two approaches.
The LQC polymer quantization focuses on the two observables v and e ±i2λb , from which we can build all the regularized observables. They are raised to quantum operators acting on wave-functions Ψ(φ, v):
The essential ingredient is that we quantize only the exponentials e ±i2λb and not directly b. The consequence is that the volume takes discrete real values given by v n = ǫ ± 2λn, with n ∈ Z and a fixed offset ǫ ∈ [0, 2λ[. Different values of ǫ define superselection sectors. In order to impose parity of the wave-function, Ψ(φ, −v) = Ψ(φ, v), we require that the spectrum of v be symmetric, which selects the two special values v = 0 and v = λ. Here we focus on the choice ǫ = 0. The scalar field is quantized as usual, with the momentum operator π φ = −i∂ φ . The kinematical Hilbert space is spanned by wave functions Ψ k (φ, v n ) = e ikφ ψ n . The Hamiltonian constraint H contains an inverse volume factor (in the matter term), just like the standard LQC Hamiltonian H. To sidestep this problem, we focus on the deparametrized dynamics. Indeed, H = 0 is equivalent to π φ = ± √ 12πG C. Choosing the positive branch, this is straightforward to quantize:
This is our Wheeler-de-Witt equation. At fixed k (which is a constant of motion), it turns into a difference equation, independent from the area scale λ:
Assuming that the matter content is non-trivial k = 0, the vanishing volume is forbidden, ψ 0 = 0, and positive volumes n > 0 decouple from negative volumes n < 0. This basic remark means that the initial singularity is resolved into a big bounce. Moreover, all the coefficients ψ n≥2 are entirely determined by the initial coefficient ψ 1 , leading to a unique wave-function for the universe. This dynamical selection of the initial conditions is similar to the one discussed in [11] . For a detailed account of the properties of physical cosmological states in LQC and their semi-classical behavior at large volume, we refer the interested reader to the reviews [5] . We compare this standard LQC approach to a quantization based on the SL(2, R) symmetry, which is natural to preserve at the quantum level. We focus on the CVH algebra, formulated as a sl(2, R) algebra as written above in (23), with a Casimir given by the matter energy:
As π φ is a Dirac observable, { H, π φ } = 0, and thus a constant of motion, the Casimir of the sl(2, R) algebra is fixed and we quantize the polymer-regularized cosmology as a SL(2, R) irreducible representation with negative quadratic Casimir. Such a representation is part of the principal continuous series of SL(2, R) representations, it is usually referred to as a "space-like representation", is labelled by a real positive parameter s ∈ R + with basis |s, m where m ∈ Z are the eigenvalues of the rotation generator J z :
where s is given by π φ and + 1 4 is a quantum correction to the Casimir. The key features of this quantization are: i) The basis states |s, m at fixed s provide a discrete spectrum to J z , which is not simply the volume v but is equal to (V + H/2). As we see in (23), J z contains v as a first term but also a matter term. This is symptomatic of the SL(2, R) quantization that intrinsically mixes the geometry and matter sectors of the model. This is actually to be expected from a quantum gravity theory. ii) The Hamiltonian constraint H becomes a null generator ( K x − J z ) of the sl(2, R) algebra. Its kernel is defined by a 2nd order difference equation [6] , similar to (35) and also leading to a singularity resolution. iii) The dilatation generator C becomes a boost generator K y and scale transformations are implemented as unitary SL(2, R) transformations acting on the Hilbert space at fixed s. iv) One can build semi-classical states, stable under the SL(2, R) group action, using coherent state techniques for Lie groups [13] .
We point out that we could use an odd representation of SL(2, R), with spectrum m ∈ 1 2 + Z, which seems to correspond to the LQC superselection sector ǫ = λ. Moreover, if we use representations of the universal cover of SL(2, R), the spectrum will get an arbitrary shift m ∈ η + Z with η ∈ [0, 1[, thereby reproducing all the LQC superselection sectors labeled by ǫ. It would be enlightening to push further the comparison between the LQC quantization and the SL(2, R) quantization, especially on the dynamics and geometry of physical states.
To conclude, we have investigated how to introduce a fundamental minimal universal length scale in the simplest cosmological model of a massless scale field minimally coupled to a flat FLRW geometry. We have seen how to properly regularize the Hamiltonian constraint and the dilatation generator in order to preserve the scale invariance of the model. This provides an explicit example of how to reconcile the existence of a universal minimal scale in quantum gravity with a scale invariance at the quantum level. It can be understood as a non-linear mapping of FLRW cosmology, allowing to resolve the big bang singularity into a big bounce.
The scheme presented here leads to an improved version of loop quantum cosmology, preserving the SL(2, R) structure. Although the quantum theory still needs to be thoroughly worked out, the quantization is rendered unambiguous due to the central role of the sl(2, R) algebra. Our proposal involves holonomy-corrections (i.e. factors depending on the extrinsic curvature b) to the (inverse) volume, which do not seem to coincide with corrections already investigated in LQC [9] . This might originate in a non-trivial dependency of the fluxes on the extrinsic curvature, usually ignored in LQC, and should extend to more complex LQC models beyond the flat FLRW case.
Finally, the sl(2, R) structure now identified in LQC should allow a mapping of the theory onto conformal quantum mechanics, similarly to classical FLRW cosmology [14] . This offers an opportunity to investigate the possibility of a holographic description of Loop Quantum Cosmology along the lines of the AdS 2 /CFT 1 correspondence. An extension of SL(2, R) to the Virasoro group also promises interesting generalizations of our construction to inflationary cosmologies [15] .
